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Abstract 

The differential cross section of double bremsstrahlung from high-energy electron in the electric 
field of heavy atoms is derived. The results are obtained with the exact account of the atomic field 
by means of the quasiclassical approximation to the wave functions and the Green’s function in 
the external field. It is shown that the Coulomb corrections to the differential cross section (the 
difference between the exact result and the result obtained in the leading Born approximation) 
correspond to small momentum transfers. The Coulomb corrections to the differential cross section 
of double bremsstrahlung are accumulated in the factor, which coincides with the corresponding 
factor in the differential cross section of single bremsstrahlung. At small momentum transfer, 
this factor is very sensitive to the parameters of screening while the Coulomb corrections to the 
spectrum have the universal form. 
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I. INTRODUCTION 


To search for New Physics in precision experiments, it is necessary to know with high 
accuracy the cross sections of the main background processes. In particular, it is necessary 
to know the cross sections of single high-energy bremsstrahlung and particle-antiparticle 
photoproduction in the electric held of a heavy nucleus or atom. These processes play a 
dominant role when considering electromagnetic showers in detectors. In many cases they 
also give signihcant part of the radiative corrections. In the Born approximation, the cross 
sections of both processes are known for arbitrary energies of particles 1, 2| (see also Ref. j^). 
However, for large Z the Coulomb corrections (i.e. the contribution of higher-order terms in 
the parameter rj = Za) to the cross section are very important (here Z is the atomic charge 
number, a = ~ 1/137 is the hne-structure constant, e is the electron charge, h = c = 1). 

Though there are formal expressions for the cross sections exact in rj and energies of particles 
jj], their use for numerical computations becomes very difficult at high energies j^. 

Fortunately, at high energies of initial particles, the main contribution to the cross section 
comes from small angles of the hnal particle momenta with respect to the incident direction. 
In this case typical angular momenta are large (/ ~ i7/A 3> 1, where E is energy and A is the 
momentum transfer). Therefore, the quasiclassical approximation, which accounts for large 
angular momenta contributions, becomes applicable. Using the quasiclassical wave functions 
and the quasiclassical Green’s functions of the Dirac equation in the external held, one can 
drastically simplify calculations. The celebrated Furry-Sommerfeld-Maue wave functions 

n Q n 

|6|, 17[ (see also Ref. [3[) is nothing else but the leading-order quasiclassical wave functions 


for the Coulomb held. The quasiclassical Green’s function have been derived in Ref. js] for 
the case of a pure Coulomb held, in Ref. jo] for an arbitrary spherically symmetric held, in 


Ref. for any localized held, and in Ref. [Ill for combined strong laser and atomic helds. 
For pair photoproduction and single bremsstrahlung, the cross sections in the leading 


f. |n| 


quasiclassical approximation have been obtained in Refs. 12l-ll6l. The hrs 


corrections to the spectra of both processes have been obtained in Refs. 17 


masiclassical 


20l. Recently, 


the hrst quasiclassical corrections to the fully diherential cross sections were obtained in 
Ref. l2li for pair photoproduction, in Ref. (221 for pair photoproduction, and in 


Ref. 


^1 for e’''e pair photoproduction, in Ref. 

23| for single bremsstrahlung from high-energy electrons and muons in an atomic held. 


The account for the hrst quasiclassical corrections allows one to determine quantitatively the 
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charge asymmetry in these processes (the asymmetry of the cross sections with respect to 
the permutation of particle and antiparticle). This asymmetry is absent in the cross section 
calculated in the leading quasiclassical approximation. 

Influence of screening (the difference between the atomic held and the Coulomb held of 
a nucleus) on the Coulomb corrections to e+e“ pair photoproduction cross section is small 

n □ 

for the diherential cross section and for the total cross section as well [13[, see Ref. |17| . 
where the ehect of screening has been investigated quantitatively. However, screening is 


important for the Born term. A role o 
held is diherent. It is shown in Refs 


screening in single bremsstrahlung in the atomic 
18| that the Coulomb corrections to the diherential 
cross section are very susceptible to screening. However, the Coulomb corrections to the 
cross section integrated over the momentum of hnal charged particle (electron or muon) are 


18 |, 


independent of screening in the leading approximation over a small parameter l/mr^ 
where ~ is a screening radius and m is the electron mass. 

Investigation of high-energy e’''e“ photoproduction accompanied by bremsstrahlung and 
double bremsstrahlung from electrons in the electric held of a heavy atom (i.e., the pro¬ 
cesses 7 iZ and e^Z —)■ 7 i 72 e^Z, respectively) is even more complicated task. 

The process 71 Z —)■ e^e~'y 2 'Z‘ is a signihcant part of the radiative corrections to e’''e“ pho- 
toproduction as well as a noticeable background to such processes as Delbriick scattering 


24j |. This process should be taken into account at the consideration of the electromagnetic 


showers in the matter. During a long time only a few papers, related to this process, have 
been published j3, 261. In those papers the Born approximation was used. Very recently, 
using the quasiclassical approximation, the cross section of the process 71 Z —)■ e^e~'y 2 Z at 
high energies was derived exactly in the parameter rj 27|]. It was shown that, apart from 
the region of very small momentum transfer, account of the Coulomb corrections for heavy 
atoms drastically change the result. 

As to the double bremsstrahlung cross section from electron in an atomic field, it has been 
investigated either at low electron energies 28|,l29| or for any electron energies but in the Born 
approximation 30|. In the present paper we use the quasiclassical approximation to derive 
the exact in rj differential cross section of double bremsstrahlung from high energy electron 
in an atomic held. We take into account the effect of screening and show that the Coulomb 
corrections to the cross section are, in general, very sensitive to this effect. Moreover, the 
Coulomb corrections to the double bremsstrahlung cross section are accumulated in the 
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factor which coincides with the corresponding factor in the differential cross section of single 
bremsstrahlung. This allows us to formulate a recipe for the calculation of the multiple 
bremsstrahlung amplitudes. 


II. GENERAL DISCUSSION 


The differential cross section of double bremsstrahlung in the electric held of a heavy 
atom reads 


da = 


a 


(2n] 


TUiU2q€qduidu2 dflki dflk2d^q \M\‘^ , 


( 1 ) 


where dVtk^, and dVLq are the solid angles corresponding to the photon momentum fci, 

k 2 i and the hnal charged particle momentum q, Eg = ep — Ui—U 2 is the hnal charge particle 
energy, £p = Eg = \/q‘^ + m?. Below we assume that Ep':^ m and Eg 3> m. The 

matrix element M reads 


M = , 

i-y ^2 , uji 0J2 , 61 62 )) ( 2 ) 


where e = 7 ^ 61 , = —7 ■ e, 7 ^ are the Dirac matrices, ■Up^^(r) and Uq \r) are the solutions 
of the Dirac equation in the atomic potential V{r), ei 2 are the photon polarization vectors, 
and G(r 2 ,ri|e) is the Green’s function of the Dirac equation in the potential V{r). The 
superscripts (—) and (+) remind us that the asymptotic forms of u^q~\r) and at 

large r contain, in addition to the plane wave, the spherical convergent and divergent waves, 
respectively. It is convenient to write the contribution in Eq. ([2]) in terms of the Green’s 
function D{r 2 , of the “squared” Dirac equation, 

G{r2, ri\E) = (V+ m)D{r2, ri\E), D{r2, ri\E) = {r2\^ ---jn), (3) 

where V = Vp = {e — U(r),iV). Substituting Eq. ([3]) in Eq. ([2]), performing integra¬ 

tion by parts and using the Dirac equation, we obtain 


= - JJ dndr2e-^'^^-^^-^'^^-^^u[-\r2)e;D{r2,n\Ep-uJi) 

X [2ie\ ■ V GJvi] u[p\ri). 


(4) 
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The Green’s function D{r 2 , ri\e) and the wave functions u'p\r) and Wq ^(r) have the form 


22 


23| 


L>(r 2 , rile) = do{r2, n) + a ■ di(r 2 , n) + S ■ d 2 (r 2 , ri), 
u^-\r) = Mq[/o(r, qr) - a ■ /i(r, qr) - S ■ / 2 (r, q)] , 


(^) = [ 9 o{r,p) -OL-gi{r,p) - 12 ■ g 2 {r, p)]up , 


I Sr) + m 


lip — 


2e^ 


<T ■ p 


I Ea + m 


Uq 


2 e„ 


X 

cr ■ q 


-X 


(5) 


,ep + m / ' xsq + m 

where 0 and x are spinors, o: = 7 ° 7 , S = 7 ° 7 ^ 7 , 7 ^ = —f 7 ‘^ 7 ^ 7 ^ 7 ^, and <t are the Pauli 
matrices. The coefficients do, <^ 1 , /o, /i, do and gi in the leading quasiclassical approxima¬ 
tion, as well as the first quasiclassical corrections to do, /o and qo, were derived in Ref. 
for arbitrary atomic potential V{r). The first quasiclassical corrections to di, /i and gi, 


together with the leading quasiclassical terms of £^ 2 , /2 and g 2 , were derived in Ref. 


23|. We 


perform calculation of the double bremsstrahlung cross section in the leading quasiclassical 
approximation. In this case it is sufficient to take into account the terms do, di, /o, /i, do 
and gi in the leading quasiclassical approximation and neglect the contributions of ^ 2 , /2 
and g 2 


21 


. Within this accuracy we have for do and di 

rl 


do{r2,ri) = 

di{r2,ri) = 


le 


dvr^r 

i 


dQ exp 


iQ^ 


ir / dxV(R) 

Jo 


2e 


Vi V2)do(r2,ri), 


1 2x( 1 — X)T 

r = r 2 — ri, R = ri + xr + Q\l -, n 


= sfe 




K 


( 6 ) 


where Q is a two-dimensional vector perpendicular to the vector r 2 — Ui. The terms /o and 
/i are 


fo{r,q) = -^e j dQexp iQ"^ - i 

fi{r, q) = - q)fo{r, q ), 


l I dxV{Vq 
>0 


Vq = r + XUq 


Q 



Q ■nq = 0, nq = q/q. 


The expressions for qq and gi follow from the relations 

9 o{.r,p) = fo{r,-p), gi{r,p) = fi{r,-p). 


(7) 


( 8 ) 
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It is convenient to calculate the matrix element for definite helicities of the particles. Let 
/Xp, /iq, Ai, and A 2 be the signs of the helicities of initial electron, hnal electron, and radiated 
photons, respectively. We fix the coordinate system so that u = Up = p/p is directed along 
; 2 -axis and q lies in the xz plane with Qx > 0 . Denoting helicities by the subscripts, we have 


X = 


1 + PpCr - Up I 1 + Pp 
1 

1 + PgCr ■ Uq / 1 + /iq 

4cos(0,/2) 


1 / 9^ 

4 (1 + y ) (1 + 



ei = Sai - (sai ■ 6 k^)iy , 62 = Sa2 - (SA2 ' ) 

SA i^dy) 1 


( 9 ) 


where Oq = g_L/g, Ok^ = ki±/uji, and Ok^ = k 2 ±/uj 2 , the notation X± = X — {u ■ X)i/ for 
any vector X is used. Below we assume that 9q -C 1, 9k^ -C 1, and -C 1. The unit 
vectors and By are directed along and p x q. In the expressions for Bi and 62 in (|9]), 
the terms of the order 0{9lJ and 0{9lJ are omitted. For the matrix X = Upp^Uqp^ we 
have 23 1 


^ 8 

fJ'pP 


s ■ + PQ) + i'‘i\P + «) + (!- PQ) - i\P - <2)1, 


p = 


£„ + m 


Q = 


Pq<l 

Sn + m 


( 10 ) 


Here and are 


q2 ^ 

Ct/i/i = 1 ^ , CLyp. = ’ 

( q2 \ 

1 - yj + X 1 

bfj,p = \/2Sp —^(Sp ■ dq)u , Sp = —j^Bx + ipBy^ , 


( 11 ) 


where /x = —/x. The matrix element M, Eq. (|1]), can be written as follows 





^—iki-ri—ik2-r2 


Tr [foe^doQ go - oc ■ /le^do© go 


+ /oCaO: -diQ go- /oe^do© « ■ 9i]J^ , 


0 = 2ie* • V + e^i. 


( 12 ) 
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Here the functions do and di are calculated at e = Sp — ui. Note that only the terms with 
{P + Q) and (l + PQ) in P, Eq. flTOj) . contribute to the matrix element flT^ due to the trace 
over 7 -matrices. Below we calculate the matrix element M for the atomic potential V{r), 
which includes the effect of screening. 


III. MATRIX ELEMENT AND CROSS SECTION 


The calculation of the matrix element ([2]) is performed in the same way as in Ref. 18 |. 
Some details of this calculation are given in Appendix. The hnal result is: 

A 2 (^ 1 ) ^ 2 ) T (^ 2 ) ^ 1 ) 

A{A) =—i / drexp[—iA-r — ix{p)]'V±V{r), x{p) = I V{\/z‘^ -|- p‘^)dz , 

J J —00 

T++++(fci, ^ 2 ) = p [(e* • 0fci)(e* ■ Ok^q)jo + Ni{e* ■ 0kq)e* + ^ 3 ( 0 * ■ Ok^q)e*] , 


T+++_(fci, ^ 2 ) — 


p{e* ■ 0fcj(e ■ Ok^) 


rn?0Ji 

2pq 


jo+p{N 2 N3){e* • 0fci)e 


Ns^e, pOk^ - A_L)e*, 

T++_+(fci, ^2) = X [(e ■ 9 k^){e* ■ Ok^g)jo + Ni{e ■ ^3(0* ■ Ok^q)^] , 

T++__(fci, ^2) = q[{e- 6 k^){e ■ Ok^q)jo + Ni{e- 0fcj0 ^3(0 ■ 9 k 2 q)e\ , 

k2) = [(e* . ek,)jo + N^e*] - ^ [(0* ■ + N^e* 


V2q 


V2p 


T+_+_(fci, ^ 2 ) — 

T 3 -h(^i) ^ 2 ) = 


mu)i 

'Tip 

mu2 

'7^ 


[(e ■ 9k^q)jo + A^ie] , 
[(e ■ 9k^)jo + A" 30 ] , 


/i = —p , A = —A 


T 3 -(fci, ^ 2 ) — 0 , 

'^flppqXl\ 2 i^^i ^2) = PppqTppf^qX^X^ikl^ ^2) |e^e* , 

Here we use the following notation 

^ ’ ^k2q ^k2 ^q ; ^^ 2^1 ^^2 9ki 5 


X = p — UJi 

4 


Jo = 


4 4 

N, = -, N2 = — 


A = q + ki + k2-p, A^ = q9q + u}i9k^ + U}29k2 , 
{a 3 [(p -h g) A_l - 2pq9q] + 01 ^ 2 (A_l -h 2g0fc2g)} , 


02(23 


03(24 


N, = 


(13) 


Oj\(X^ 
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( 14 ) 


ai = - —[(A^ - pOk^y + m^] - —[q^el + m^] , 

K qx ^ 

02 = ^[(A± + qOk^qf + m^] + , 

«3 = y [P^^fci +rn^], ^ ^ • 

Within our accuracy, one can replace p and q in Eqs. flT^ and ffT4D by Sp and Eg. The vector 
A(A) is obviously parallel to the vector A^, 

A(A) = Ao(A) Ax , Ao(A) = j dr exp [-iA ■ r - ix{p)] Ax ■ Vx'E(r) , (15) 

so that we can write the amplitude 


^^^p^|■qXl\2 ^o(A) 7)ip^^AiA2 1 


Ax 




lA2(^l! ^ 2 ) + T) 


/ip/i.g-A2 Al 


(^2, ki 


(16) 


The amplitude Mp_^p^XiX 2 is exact in the potential V (r). Whole dependence of this amplitude 
on the potential V{r) is contained in the factor Ao(A). In the Born approximation we have 

4>r>,F(A=) 


<(A) = IX(A-^) = 


A2 


where I/p(A^) it the Fourier transformation of the potential V{r), and F(A^) is the atomic 
form factor, which differs essentially from unity at A < l/r^cr- Thus, the Born amplitude 
reads 


M, 


B 

/ip/ig Al A 2 


= -Vf{A^)% 


/ip/J,g Al A 2 


( 18 ) 


where 7 )jj,^^AiA2 coincides with that in Eq. ffT6|l . 

If Ax S> max(r“)., |A|||) then we can neglect the effect of screening, replace V{r) by the 
Coulomb potential Vc{r) = —p/r, and neglect also A\\ = u ■ A. Within our precision 


Ay 


1 

2 


q9g + uJiOl^ + ^ 20^2 + 


m‘^{ui + U 2 ) 
pq 


(19) 


A simple calculation gives for the factor Ao(A): 

, 20 ) 

where r(a:) is the Euler T function and L ~ min(|A|||“^, r^cr)- Note that the factor (LA)^*’? 
is irrelevant because it disappears in \M\^. Thus, in the region Ax S> max(r“^, |A|||), we 
have |Ao(A)| = |A^(A)|. 
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Let us represent the cross section da o as a sum of the Born term and the Coulomb 
corrections: 

dcr^j,/jqAiA2 ’ 


rj^B 


da^ 

^lp^lq\l\2 


a 


rn)in)2 dui<in)2 (iSfadAx I'4S'(A)|'^|7 :,^x,a,A2 


(2n] 

(2^ 


-UJ 1 UJ 2 duidu2 dOk^ d6k2dA± -R(A) |7^ 


/Xp/igAiA 2 I 


B(A) = |24„(A)P-K(A) 


( 21 ) 


where we pass from the integration over dflq to the integration over dA^. It is seen from 
Eqs. mni and fl2ni) that only the region of small Aj_, Aj_ ~ max(rs(,]., |A|||) <C m, gives the 
contribution to da^. The term A(A) coincides with the corresponding term in the single 


bremsstrahlung cross section [^. As shown in Ref. [18(], the function R(A) is very sensitive 
to the shape of the atomic potential at r ~ rgcr, while the integral, 

I dA^ AlRiA) = -327rV/(h), 

f{ri) = Re V’(l + iv) - V'(l), (22) 

is independent of this shape; 'ip{x) = dlrLr{x)/dx. Therefore, the Coulomb corrections 
integrated over dA^ have the form 


■ 0 . 


j c 

flpflqXlX2 




'^^ujiuj2dujiduj2dek,d6k, + (23) 

(^ 1 ,^ 2 ), Eq. (unD, taken at A_i_ = 0, i.e., at 
6q = —{ujiOki + 0)20^2)/*?• The main contribution to the Born cross section integrated over 
dA^ is given by the region m 3> A_i_ S> m/9 of small Ax, where 

1 |A|| 


ko) 


where the function ^ 2 ) is T^^/x.AiA^ 


fd = max 


mr. 


m 


(24) 


Assuming that ln(l//9) S> 1, we have within logarithmic accuracy: 


j B 

Ap A 2 


Ot^Tf' 1 

—^a;ia;2 duiduj2 dOk^ dOk^ In - 

Att'^ P 


X IT 


(0) 


Xki,k2) + T 


( 0 ) 

A 2 A 1 


(fe2,fel 


(25) 


fJ'pl-iqXl X2 ' 

In order to demonstrate the angular dependence of the Coulomb corrections, we introduce 
the dimensionless quantity S, 


S = 


m 


E 

/ip/igAp A 2 


p(0) 

/ip/ig Ap A 2 




(26) 
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and show in Fig. [T]the dependence of S' on ^2 = ^ 6 *^ 2 /'^ at fixed (5i = p 6 k^/m, oji/sp, uj 2 /Sp, 
and the azimnth angle 0 between vectors 0 ^^ and 0 ^ 2 - 



(52 


FIG. 1: The quantity S (f26|) as a function of 82 = •pd^^jra at oJi/sp = 0.2, a; 2 /ep = 0.4, (/> = 0, 
= pOk^jm = 0.2 (dashed curve), = 1 (dotted curve), and 5i = 2 (solid curve). 

In Fig. [2] the qnantity S is shown as a fnnction of 0 at hxed 5i = pOk^/m, 62 = pOk^/fn^ 
(jJijSp^ and u :2 jsp- Note that S is invariant nnder the replacement 0 —cj). 



0 


FIG. 2: The quantity S (j26l) as a function of the azimuth angle (p between vectors 6 k^ and 0^2 at 
^il^p = 0.2, u} 2 lsp = 0.4, (5i = 0.2, 82 = 0.5 (dashed curve), 82 = l(dotted curve), and ^2 = 2 
(solid curve). 

It is seen from Figs. [1] and [2] that S has a smooth angnlar dependence. In Fig. [3] we show 
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the dependence of the quantity Si on 6i at hxed uji/sp and uj 2 /Sp, where 

^1 = 777^ f SdOk,. 




( 27 ) 



5i 


FIG. 3: The quantity 5i (|27|) as a function of (5i at uijep = Ox and = 0(1 — x), where 

0 = 0.4, X = 0.3 (dashed curve), x = 0.5 (dotted curve), and x = 0.7 (solid curve). 


It is seen that the main contribution to the cross section is given by the region 5i ~ 1. 
Let us discuss now the Coulomb corrections to the cross section integrated over 0^^ and 
0 A :2 ( fhe spectrum), averaged over the polarization of the initial electron polarization, and 
summed over polarizations of the hnal particles. We write it as 


da^ 


f {rj)duidu2 
■Krn?uJiUJ2 


G{uJi/Ep, U2/£p ), 


(28) 


where the function /(//) is qiven in Eq. ([22]). For U 2 <C cji. Eg, a simple calculation gives the 
result, which corresponds to the soft-photon-emission approximation [^: 


F{x) = G(x,0) = 
t 


dy 


(i + yy 


1 -F (1 - x)^ - 


$(x,r/) = 


ln(t -I- i/F — 1) — 1, t = 1 -I- 


4-u(l — x) 

(i + yy 

x^{l + y) 


^{x,y) , 


^ ’ 2(1 - x) ■ 

The function F{x) is shown in Fig. |H The asymtotic behavior of the function F{x) is 


(29) 


F{x) ^ -x^ In — 
3 X 

F(x) ~ In- 

1 — X 


at X -C 1, 
at 1 — X -C 1. 


(30) 
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X 


FIG. 4: Dependence of F{x), Eq. (1^ . on x = cJi/sp. 



FIG. 5: Dependence of G[Dx, D(1 — x)], Eq. ([29]), on x at D = 0.3 (dashed curve), Q = 0.5 (dotted 
curve), and D = 0.7 (solid curve). Here D = (wi + 012)/ £p and x = a;i/(a;i + u}2)- 


In Fig. Owe show the dependence of the function G[r2x, 11(1 — x)] on x at hxed values of 
n, where hi = (cji + uj 2 )/ep and x = uji/{uji + 0 J 2 )- 

Within logarithmic accuracy we also have for the Born cross section 


da® = GW.,, ml. 


7rm^a;ia;2 

where the function G is the same as in Eq. (I28ll . and 

1 m(a;i + ^ 2 ) 


/do = niax 


mr. 




Po 


< 1 . 


(31) 


(32) 
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IV. CONCLUSION 


We have investigated in detail the process of high-energy double bremsstrahlung in the 
held of a heavy atom. The results, Eq. flT5]l . are exact in the parameters of the atomic held 
and are valid even for r; ~ 1. The Coulomb corrections to the diherential cross section are 
very sensitive to the shape of the atomic potential, while the Coulomb corrections to the cross 
section, integrated over the momentum transfer Aj^, are the universal function of r]. It is 
shown that, similar to the case of single bremsstrahlung, the potential enters the amplitudes 
of high-energy double bremsstrahlung via the factor A(Ax). Note that such factorization 
takes place only for the cross section obtained in the leading quasiclassical approximation 


and is violated by the hrst quasiclassical correction. It follows from the result of Ref. 


23| 


that the main contribution to the hrst quasiclassical correction to the cross section is given 
by the region A ~ m. The factorized form of the amplitudes flT^ and also of the amplitudes 
of single bremsstrahlung allows us to formulate the recipe for the calculation of the multiple 
bremsstrahlung differential cross section. In order to obtain the amplitude of this process 
exactly in the parameter r] for any shape of the atomic potential V{r), it is sufficient to 
derive the amplitude in the Born approximation and then to replace in this amplitude the 
Fourier transform I/p(A^) of the potential V{r) by the impact-factor Ao(Ax) ([15]). Our 


recipe extends the impact-factor approach of Ref. 


31| to the region of small momentum 


transfer. Note that it is just the region where the Coulomb corrections to the cross section of 
bremsstrahlung come from. We stress that our formulas for the cross sections of high-energy 
double bremsstrahlung are obtained exactly in the parameter rj = Za and, in particular, 
valid for Z 3> 1. This is important for analysis of experimental data from modern detectors, 
where high-Z materials are widely used. 
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Appendix 


In this Appendix, following the method of 

M, 



we consider the calcnlation of the qnantity 


If dr,dr2e-‘'’‘-’-^-‘'”-’-Vc(r2)do(r2,r,)!/„(n), 


(33) 


which contribntes to the amplitude flT^ . Other quantities are calculated in the same way. 
The functions dg, fo, and gg are given in Eq. ([S]), Eq. ([7]), and Eq. ([H]), respectively. 

We split the integration region into three, Zi < Z 2 < 0, Zi < 0 Z 2 > 0, Z 2 > Zi > 0, and 
denote the corresponding contributions to Ai as ATi, Ai 2 , and Aig. In the hrst region, the 
functions gg and dg have simple eikonal forms 


goin) = 

do{r2,ri) = - 
r = r 2 -ri, 


exp 


—z 


dxV{ri — xUp) 


0 


exp 




'0 


dvrr 

'^ = \/i^p ~ '^ 1 )^ 


—ir / dxV{ri + xr) 




(34) 


SO that 


Ail = 


(2ir) 


dridr2 


dQ exp(z$), 


zi<Z2<0 


^ = Q‘^ + {p - ki) ■ ri - {q + ^ 2 ) ■r 2 + nr 

poo pi poo 

— / dx V{vi — XUp) — r / dxV{ri+xr)— / dxV{rq), 


rg = r2 + xUg + 


'2|n„ ■ T-al 


Q 


(35) 


Within our accuracy we can replace the quantity V{ri — xUp) and V{ri + xr) in fl3^ 
by V{ri — XUp + Q^j2\nq ■ r 2 \/q) and V{ri + xr + Qij2\rtq ■ ^ 2 ]/^), respectively, shift 
Pi Pi -Qij2\nq ■ r 2 |/g, P 2 -)■ P 2 -Qij2\ng ■ r 2 |/g, where pi = ri_L and p 2 = r 2 ±. Then 
we take the integral over Q and obtain 


Ail = 


1 r f dridr2 

dvr J J r 

zi<Z2<0 


exp[i(<I)o + $1)], 


d>o = (P - ki) -ri- {q + k 2 ) ■ r 2 + nr 
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$1 = 


poo pi poo 

I dxV{ri — xUp) — r / dxV{ri + xr)— / dxV{r 2 + xnq), 
0 Jo Jo 

A^|ng ■ ral 


2q 


In the same way, we obtain for A ^2 and 


Mo = 


$2 — 


dridr2 

An J J r 

22 > 0 , 21<0 

A^|r ■ ri||r ■ 7-2 


exp[i(<I)o + $ 2 )], 


Mo = — 


2Kr^ 

dridr2 


An J J r 

Z2>zi>0 

AiK.nl 


exp[z(<I)o + $ 3 )], 


2 p 

There are two overlapping regions of the momentum transfer A: 

+ a;2) 


I. A > 


II. A < 


EpSq 


m{u:i + ^ 2 ) 


(36) 


(37) 


(38) 


In the hrst region we can neglect in the phase $0 the term Ay as compared with A^ and 
replace in the integrals —)■ i/ and r —)■ (i/ ■ r)i/, where z axes is parallel to = n^. 

Performing the integration over Zi, Z2^ and p2 “ Pi, we obtain 


= 2 / c^pexp [-iAi_ ■ p - ix{p)] [qM - KN2 - pN ^], 


(39) 


where the quantities x(p), iVi, iV 2 , and No, are dehned in Eq. flTT)) . Then we use the relation 


qNi - KN2 - pM = A_l ■ jo , 


(40) 


where jo is given in Eq. flTT)) . Performing integration by parts, we hnally obtain M in the 
hrst region: 


M = -- j dp exp [-iA^ ■ p - ix{p)] Vxx(p) ■ jo 
= f exp [-f Ax ■ p - ixip)] VxE(r) ■ jo . 


(41) 


In the second region, one can neglect the term $1 in Eq. (I36|) and the terms $ 2,3 in Eq. (I37)) . 
In the phase <ho we take into account the linear terms of expansion of the integrals in 
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and r — {r ■ u)iy. The result, which is valid both in the region I and in the region II, has the 
form 



(42) 


It corresponds to the second line in Eq. (1411) with the replacement • p —)■ A ■ r. 
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